The bioconvection equations, based on the continuum model of Pedley et al. ͓J. Fluid Mech. 195, 223 ͑1988͔͒, consist of the Navier-Stokes equations for an incompressible fluid coupled with a micro-organism conservation equation. These equations are solved efficiently using a semi-implicit second-order accurate conservative finite-difference method. The structure and stability of a three-dimensional plume in deep rectangular boxes with stress-free sidewalls are investigated. Comparisons are made with the two-dimensional and axisymmetric bioconvection. In deep chambers, the three-dimensional plume that forms initially along the central axis of the chamber typically breaks down via a meandering instability.
I. INTRODUCTION
Bioconvection is the name given to spontaneous pattern formation in suspensions of swimming micro-organisms such as bacteria and algae. 1, 2 In all cases, the microorganisms are slightly denser than water and on average they swim upwards ͑although the reasons for up-swimming may be different for different species͒. Micro-organisms respond to certain stimuli by tending to swim in particular directions. These responses are called taxes, examples being gravitaxis, gyrotaxis, phototaxis, and chemotaxis. Gravitaxis, chemotaxis, and phototaxis, respectively, indicate swimming in the opposite sense to gravity, up a chemical gradient and toward or away from light. Gyrotaxis is swimming directed by the balance between the torque due to gravity acting on a bottom-heavy cell and the torque due to viscous forces arising from local shear flows. The bioconvection pattern reflects the presence of sinking and rising fluid columns similar to convection columns caused by a temperature gradient in a fluid. In bioconvection, they form because a horizontal layer of more dense cell-saturated fluid above a less dense fluid layer is an unstable configuration. This paper deals with gyrotactic bioconvection.
Experiments have discovered many fascinating and poorly understood examples of pattern formation in bioconvection. [3] [4] [5] [6] [7] Large numbers of the bacterium Bacillus subtilis in a layer of water organize into quasiperiodic patterns. The first instability to occur in a culture of the alga Chlamydomonas nivalis usually consists of sheets or lines when viewed from above. The sheet instability usually breaks down to a dot-type instability or a pattern resembling a lattice of nodes joined by lines. 8 These patterns again break down to smaller dots or other connected patterns. Wager 3 reported that a suspension of the alga Euglena gracilis illuminated from above and the side accumulated on the surface forming a series of ripple-like aggregations moving toward the light, which persisted until all the cells had reached the side of the vessel. The patterns' shapes and sizes depend on many parameters such as cell concentration, depth of the fluid layer, and swimming speed. Because many of the observed phenomena such as quasiperiodic patterns are difficult to analyze mathematically, there is a need to develop numerical algorithms that can simulate these experiments.
Most of the bioconvection experiments were performed in large aspect ratio chambers ͑ratio of horizontal width to depth͒. Simulation in a large aspect ratio chamber offers a significant computational challenge. The number of mesh points must be large to resolve the spatial features of the flow and the simulations need to be run over a long period of time to eliminate the transient behavior of the solutions. Most often the swimming velocity of the micro-organisms is a function of the fluid velocity field, which must be calculated at each time step. In advanced bioconvection models, the diffusivity of the micro-organisms is also a function of the fluid velocity field. Thus efficient algorithms are essential for studying bioconvection in a large aspect ratio chamber.
Because of these computational difficulties, there have been no bioconvection simulations in three dimensions to date. All of the previous simulations were carried out in two dimensions. Harashima et al. 9 simulated gravitactic bioconvection in two dimensions and studied the evolution of bioconvection from an initially uniform state. Their computational domain had a width/height aspect ratio of 8. Ghorai and Hill [10] [11] [12] carried out computations of gyrotactic bioconvection in two dimensions. They also studied gyrotactic bioconvection in an axisymmetric chamber. 13 All the computations mentioned above were based on continuum models. Recently, Hopkins and Fauci 14 simulated two-dimensional bioconvection using point particles.
Although it is relatively easy to solve the twodimensional problem, bioconvection is intrinsically threedimensional. The bioconvection pattern, for example, has polygonal cells ͑e.g., squares, hexagons͒ each with a narrow descending central core surrounded by a broad column of rising fluid. Note that axisymmetric bioconvection 13 provides the simplest three-dimensional configuration, but the axisym-metric model has limitations. First, the bioconvection cells rarely have a circular boundary assumed in the axisymmetric model. Second, the axisymmetric configuration suppresses the meandering mode of the plumes that has been observed in deep chambers. We have therefore investigated a realistic three-dimensional bioconvection model confined between stress-free sidewalls. A chamber with large horizontal crosssectional area will generate several plumes. The aim of the present computation is to study the structure and stability of just one of them.
II. MATHEMATICAL FORMULATION
Consider the motion of a suspension of micro-organisms in a rectangular chamber with the z axis pointing upwards. As in Pedley et al., 15 we assume a monodisperse cell population modeled by a continuous distribution. The suspension is dilute, so that the volume fraction of the cells is small and cell-cell interactions are negligible. Each cell has a volume and density + ␦, where is the density of the water in which the cells swim and ␦ / Ӷ 1.
A. Governing equations
Let u, n, and W c denote, respectively, the fluid velocity, cell concentration, and constant cell swimming speed. The suspension is incompressible, hence
The momentum equations under the Boussinesq approximation become
͑2͒
where p e is the excess pressure above hydrostatic, g is the value of the acceleration due to gravity, ⌺ is the bulk deviatoric stress tensor, and ẑ is a unit vector directed vertically upwards. The swimming of the cells contributes extra stresses to the bulk deviatoric stress tensor. 16 In a dilute suspension, the only significant contribution to ⌺, other than the Newtonian stress, is that derived from the stresslets associated with the cells' intrinsic motions. 16 This extra stress term, associated with the cells' locomotion, is much smaller than the Newtonian stress. Also it should be calculated from generalized Taylor dispersion theory, 17, 18 but no complete theory exists for all flows. Thus the stress associated with cells' locomotion is neglected and this simplification is needed to make realistic computational progress. Thus as in Pedley et al., 15 we assume
where E is the bulk rate of strain tensor and is the fluid viscosity. Conservation of cells requires that
where the flux of cells is
The third term on the right-hand side of Eq. ͑5͒ represents the random component of the cell locomotion. Here the diffusion coefficient D is assumed to be constant. W c p is the average swimming velocity relative to the fluid, and p represents the average orientation of cells.
The equations are scaled using L ͑a dimension of the box͒,
and n ͑mean concentration͒ as the scale factors for length, time, velocity, pressure, and concentration, respectively. The resulting system of coupled equations becomes
where S c = / D is the Schmidt number, R = n⌬gL 3 / D is the Rayleigh number, and V c = W c L / D is the scaled swimming speed. This scaling is chosen for consistency and comparison with previously published work. [10] [11] [12] 19, 20 The equations can also be scaled using the cell swimming speed W c instead of D, but values of both quantities need to be measured when comparing numerical results with experiments.
B. Average orientation
For simplicity, algal cells such as Chlamydomonas ͑whose shape closely approximates a spheroid͒ are idealized here as spheres of radius a. torque on a sphere of radius a in a fluid of viscosity is given by
where ⍀ is the sphere's angular velocity. If the cells are idealized as spheroids instead of spheres, then an extra term involving rate of strain should be added to the right-hand side of Eq. ͑9͒.
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Since the inertial effects are negligible at the low Reynolds number flow associated with the motion of the cells, their orientation is specified by T g + T = 0. This leads to the equation for the reorientation rate,
where is the local vorticity field and B =4a 3 / mgh is called the gyrotactic reorientation parameter. The equations describing the equilibrium orientation are − 1 sin + 2 cos = sin /B, ͑11͒ 1 cos + 2 sin = 3 tan ͑Ref. 22͒. Let = ͉͉ denote the magnitude of the vorticity vector. For flows with 3 = 0, there exists a stable equilibrium with sin = B if B Ͻ 1, but no stable equilibrium if B Ͼ 1. When B Ͼ 1, the cells tumble and the average swimming direction p is obtained by integrating p over a tumbling period. 10 However, for 3 0, the equilibrium is always stable. The average swimming direction p is equal to p when the equilibrium is stable. After scaling, the dimensionless gyrotaxis number is given by
which represents the ratio of the reorientation time due to gyrotaxis to the diffusion time. A practical demonstration of the gyrotactic mechanism is that the cells swim toward the axis and focus into a narrow beam for Poiseuille flow down a cylinder. Conversely, if the direction of the flow is reversed, the cells accumulate along the periphery of the cylinder, confirming the role of gyrotaxis in the orientation.
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C. Initial and boundary conditions
We now turn to the boundary conditions for these equations, which are to be integrated in the three-dimensional region bounded by the planes x =0, x , y =0, y , and z =0, z . Here x , y , and z are the aspect ratios in the Cartesian x, y, and z directions, respectively. A rigid no-slip boundary condition is imposed at the bottom wall and the other boundaries are stress-free. If u = ͑u , v , w͒, then these boundary conditions can be written as
The boundary condition on n is that there be no flux of cells through the walls, thus
where J is the flux of the cells and n is the unit normal to the respective plane.
The initial conditions are that of a uniform state together with a small perturbation to the uniform concentration of cells, u = 0, and n = 1 + ⑀ sinͩ x x ͪsi nͩ y y ͪ,
. The perturbation is applied so that the plume forms along the center of the chamber.
III. NUMERICAL PROCEDURE
We use a semi-implicit conservative finite-difference implementation of a second-order projection method. 24 The governing equations are discretized on a staggered grid. We take a uniform mesh in the horizontal directions. There are boundary layers at the top and bottom walls due to large cell concentration and the presence of the rigid wall, respectively. In order to resolve these gradients accurately, a nonuniform mesh is used in the vertical direction. All the spatial derivatives are computed using central difference relations for nonuniform grids. Suppose that the solutions n k and u k at the kth time step t k = k⌬t with k ജ 0 are known. The time integration from t k to t k+1 = t k + ⌬t consists of the following steps:
͑i͒ Calculate the concentration field by
where the nonlinear advective term H n = ١ · ͑un + V c pn͒ is discretized using a second-order AdamsBashforth scheme and an implicit Crank-Nicholson step is applied to the diffusion term. 
where the nonlinear advective, the viscous diffusion, and the buoyancy terms are advanced using AdamsBashforth, Crank-Nicholson, and Adams-Moulton schemes, respectively. ͑iii͒ Perform the projection
The use of the incompressibility condition ١ · u k+1 = 0 leads to the Poisson problem for , The transport equations ͑12͒ and ͑13͒ are solved using an approximate factorization method. The solution of the Poisson equation ͑15͒, which is the most time-consuming part of the algorithm, is obtained in two steps. The application of the fast Fourier transform ͑FFT͒ 26 in the horizontal directions reduces the problem to a system of uncoupled tridiagonal matrix equations in the vertical direction. These equations are inverted in the usual manner and then the solution is reconstructed via inverse Fourier transform. The mesh size is 32ϫ 32 in the horizontal and the number of grid points along the z direction is increased with an increase in the vertical aspect ratio z . For example 32, 64, and 128 points are taken for z = 1, 2, and 4, respectively. Some of the results were run with a 64ϫ 64 grid in the horizontal plane and more grid points in the vertical direction to check the grid independence of the solutions. Due to the FFT, we always use 2 p ͑p being a positive integer͒ grid points in the horizontal directions. The code can be applied with minor changes to the two-dimensional problem and can be modified to study other flow problems. The two-dimensional results for the flow in a driven cavity agree well with those given in Refs. 27 and 28. Also, the agreement of the results of natural convection in three dimensions with those of Fusegi et al. 29 is good.
IV. RESULTS
Equations ͑6͒-͑8͒ possess a static equilibrium solution with u = 0 and an exponential concentration profile
The system is governed by the parameters R, V c , G, S c , x , y , and z . An infinitesimal disturbance to the static solution either dies down ͑a linearly stable state͒ or grows in amplitude ͑a linearly unstable state͒ depending on the parameter values. The critical parameter values separate the two classes of states. If the governing parameters are above critical values, the concentration profile develops from initially uniform state toward Eq. ͑17͒, but bioconvection begins before the profile develops fully. The following discussions are based on a three-dimensional chamber whose horizontal cross section is square. We consider physically relevant parameter values using data from Table I 
͑18͒
are kept constant and the depth parameter z is varied from small to large values. The same parameter values were used in previous two-dimensional and axisymmetric bioconvection simulations ͑Refs. 10 and 13͒. Figure 2 shows an example of the initial evolution of cell concentration in the z direction and also the solution given by Eq. ͑17͒. At t = 0, the concentration is uniform and n =1 approximately. The concentration at the top ͑bottom͒ of the chamber increases ͑decreases͒ with time due to cells swimming upwards toward the top of the chamber where a zero cell-flux condition holds. As time increases, the concentration profile tends to the exponential profile ͓see Eq. ͑17͔͒. Since the parameters are above the critical values, a plume begins to form ͑and the solutions become functions of x, y also͒ before the equilibrium exponential profile is achieved. Figure 3 shows the evolution of the plume at various times after the initial uniform state. In these diagrams, we have plotted the concentration as isosurfaces. The plume starts to form around t = 0.32 ͓Fig. 3͑a͔͒ and begins descend- ing ͓Fig. 3͑b͔͒. It hits the bottom of the chamber at t Ϸ 0.38 and becomes steady rapidly. The final steady state of the plume and the vertical velocity at the midheight plane are shown in Fig. 4 . The concentration in the steady state is less steep across the plume compared to the initial stage. The plume is qualitatively similar to the axisymmetric plume. 13 For z = 2, the initial evolution of the plume is similar to the z = 1 case. The variation of the central concentration against time is compared with that of z =1 ͑Fig. 5͒. The large values of the central concentration at around t = 0.36 and 0.22 are the concentrations at the heads of the plumes for z = 1 and 2, respectively, when they pass through the central point. The solution for z = 2 then remains for some time apparently in a steady state similar to the z = 1 case, but ultimately a "meandering" instability develops. The snapshots of the plume for z =2 at t = 1.6 ͑apparent steady state͒ and t = 2.65 ͑meandering instability͒ are shown in Fig. 6 . When the plume is in the apparently steady state, then the solution in the interior is almost independent of the vertical coordinate z ͓Fig. 
054107-5
Gyrotactic bioconvection in three dimensions Phys. Fluids 19, 054107 ͑2007͒ state, the cell flux converges into the plume but the horizontal flow moves away from the plume. Further, the cell flux converges to a noncentral point inside the plume. The plume breaks into two plumes, which move to the opposite corners of the chamber, which is a final steady state ͑Fig. 9͒. The numerical calculations are performed with different mesh sizes and time steps for z = 2. It is observed that sometimes the plume moves to one corner of the chamber only, which is also a final steady state. Also the initial, symmetry breaking, meandering movement of the plume is arbitrary and is not necessarily toward a corner of the chamber. The time required for a plume to shift to corner͑s͒ of the chamber depends on the direction of the meanders of the plume. Thus a plume, whose direction of initial meander is perpendicular to a wall, takes more time to move to corner͑s͒ of the chamber than that whose direction of initial meander is toward the corner. The variation of the central concentration is compared for two different mesh sizes for z = 2 in Fig. 10 . The solid line represents the value on a 64ϫ 64ϫ 128 mesh without refinement in the vertical direction. The dotted line and the dash-dotted line correspond to the value on a 32ϫ 32 ϫ 64 mesh with refinement in the vertical direction. The time step ⌬t equals 2 ϫ 10 −5 for the solid and dash-dotted line and equals 4 ϫ 10 −5 for the dotted line. The final steady state is that of two plumes in the opposite corner of the chamber for the solid and dotted lines. The dash-dotted line corresponds to a steady single plume in a corner of the chamber. The differences in the time, for the plume to shift to corner͑s͒ of the chamber, are due to the direction of the initial meander of the plume. To illustrate the accuracy of the mesh, the properties of the steady solution with two plumes in the opposite corners are compared in Table II . The quantities given in Table II are the following: ͑i͒
The value of the central concentration. ͑ii͒
The maximum value of vertical velocity w on the line x = y =1/2, together with its location. ͑iii͒ The maximum value of the vorticity component 1 on the rigid boundary ͑z =0͒, together with its location.
The positions of the maximum are obtained using polynomial interpolation. It is seen from Table II that two-figure accuracy is achieved with the 32ϫ 32ϫ 64 grid.
When the vertical aspect ratio is increased to z = 4, the three-dimensional plume again undergoes a meandering instability from an apparently steady state, similar to the z = 2 case. But in this case, the final state of the solution is sometimes unsteady, unlike the final states observed for z =2.
For the parameter values given in Eq. ͑18͒, the characteristics of the solutions versus the two-dimensional and axisymmetric results ͑Refs. 10 and 13͒ are the following:
͑i͒
The solutions approach a steady-like state rapidly, which is similar to the axisymmetric solutions. But the two-dimensional solution is different. For vertical aspect ratio 1, the solution becomes steady rapidly. For vertical aspect ratios in the range from 2 to 3, a small "blob" or varicose instability develops that ultimately disappears slowly with an increase in the value of vertical aspect ratio leading to an apparent steady state. Periodic "blob" convection is observed for vertical aspect ratio greater than or equal to 4. ͑ii͒ Ultimately the meandering instability breaks down the plume in a similar way to the two-dimensional results. The axisymmetric solution is independent of the azimuthal coordinate. Due to this imposed symmetry, the meandering instability does not occur in the axisymmetric case. ͑iii͒ The plume moves to one of the side walls via meandering instability in the two-dimensional case. But here the plume either moves to a single corner or breaks into two plumes that move to opposite corners of the chamber.
However, there are ranges of parameter values where periodic "blob" convection is observed in the initial stages in these three-dimensional calculations. For example, we consider the following parameter values: 
͑19͒
The variation of the central concentration at the initial stages, for vertical aspect ratios z = 2 and 4, is shown in Fig. 11 . The fluctuations in the concentrations in Fig. 11 are due to the passing of the blobs through the central point of the chamber. Figure 12 shows the snapshot of periodic blob convection at t = 0.36 for vertical aspect ratio z = 4. The blobs disappear and lead to the apparently steady state, though the fluctuations take longer to disappear for z = 4. Ultimately, the meandering instability sets in all cases and the plumes move away from the center of the chamber. In twodimensional simulations with a large aspect ratio chamber, the meandering instability sets in while the blob convection is in progress. In contrast, in three dimensions, the meandering instability sets in during the apparent steady state, after the early blob convection disappears.
B. Parametric dependence
Due to the large number of parameters, it is expensive to obtain a comprehensive picture across the whole parameter domain, so here we choose to investigate the dependence of the solutions on G and V c for a chamber of fixed size x = y = 1 and z = 5. The parameter values using data in Table I The variation of the concentration at a point on the central vertical line for V c = 15 is shown in Fig. 13 . Since the length of the plume does not extend to the middle of the chamber for G = 0.002, the corresponding point on the axis is taken at height 4. Figure 13 shows that for a fixed value of V c , the time to reach the overturning instability stage decreases with an increase in the value of G. The fluctuations in the concentrations correspond to the varicose instability ͑"blobs"͒, which disappears, leading to the apparent steady state and then the meandering instability sets in. The snapshots of the plumes at t = 0.8 for different values of G are shown in Fig. 14 
V. CONCLUSIONS
In this work, we have presented a semi-implicit secondorder accurate conservative finite-difference method to integrate the bioconvection equations in three dimensions. In deep chambers, the plume becomes unstable either via varicose or meandering instability. The varicose instability observed in three dimensions is similar to that of the axisymmetric solutions. The mechanism of varicose instability is the same as that of two-dimensional gyrotactic bioconvection ͑see Ref. 10͒. The time period of the varicose oscillation in axisymmetric bioconvection ͑and thus of three-dimensional bioconvection too͒ is more realistic than that of the twodimensional bioconvection. 13 On the other hand, the meandering instability ͑seen in two-dimensional bioconvection͒ does not appear in the axisymmetric case. The meandering mode has been observed in experiments with gyrotactic micro-organisms in deep chambers ͑see Fig. 4 in Ref. 31͒ . Thus the three-dimensional results are closer to the experimental observations.
The effects of depth on the stability of a single plume have been examined. We find a steady solution for a small vertical-aspect-ratio chamber. As the depth of the chamber is increased, we observed either apparently steady state or periodic blob convection in the initial stages depending on the parameter values. Ultimately the plumes are destabilized via a meandering instability. The characteristics of the solutions are similar to the axisymmetric results in the initial stages and two-dimensional results in the final stages.
The effects of G and V c on the plume in deep chamber are examined for a range of physically relevant parameter values. When the values of either G or V c are small, the plumes do not extend to the bottom of the chamber. A varicose instability is often observed in the initial stages for intermediate values of G and higher values of V c . When G is high, the varicose instability almost disappears. ACKNOWLEDGMENT S.G. is grateful to the Department of Science and Technology ͑India͒ for a BOYSCAST fellowship held while part of this research was being carried out at the Department of Mathematics, University of Glasgow, UK. 
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